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Abstract

Price elasticities for popular demand systems, e.g., Translog and AIDS, behave
erratically when expenditure shares approach zero, and often violate strict quasi-
concavity of the utility function, i.e., may have positive Hicksian own-price elastic-
ities. A generalized linear logit model is shown to be well-behaved for all possible
shares.
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1 Purpose and Overall Finding

Increased attention is being placed on long-run forecasting in applications such as eval-
uating the effects of global climate change. In these situations, it is important to use
demand models that are data admissible (i.e., do not predict negative levels of consump-
tion) and are consistent with economic theory (i.e., do not imply positive price responses).
Unfortunately, the most widely used demand systems do not necessarily meet either of
these criteria. |

The Translog (Christensen, Jorgenson and Lau, 1975) and the “almost ideal demand
system” (AIDS) (Deaton and Muellbauer, 1980) exhibit additivity, homogeneity and
symmetry for any number of commodities, but they may predict negative shares (Lutton
and LeBlanc, 1981) and their underlying (direct) utility functions are not necessarily
strictly quasi-concave (Christensen and Caves, 1980).1

This paper, following Considine (1990), generalizes the linear logit model of budget
shares for Marshallian demand (Tyrrell and Mount, 1982) and for Hicksian demand (or
firm input demand) (Considine and Mount, 1984) so that it now has global symmetry
of the Hicksian cross-price effects. As before, the new model predicts shares that never
fall below zero or exceed one but always add up to one, i.e., it satisfies additivity. It
also satisfies Marshallian zero-degree homogeneity in prices and income. For certain
parameter values, it encompasses the characteristics of the Translog and AIDS models,

The main focus of this paper is on the parameter restrictions that are necessary and
sufficient for strict quasi-concavity of the underlying utility function in each model. This
is limited to the case of two goods to highlight the fact that, even in this simple case, the
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additivity, homogeneity and symmetry Testrictions on parameters alone are not sufficient
for the models to imply strict quasi-concavity. It is shown that there are necessary and
sufficient conditions for strict quasi-concavity in terms only of the parameters of each
model. However, these conditions have different implications on the price and income
elasticities. In the case of the Traun.slog”,. qu.a,.si-concavity implies that the goods cannot be
Marshallian price-inelastic, cannot be gross complements and must have constant unitary
income elasticities, i.e., the utility function is homothetic. While no such restrictions are
implied for the AIDS Marshallian price and income elasticities, the AIDS Hicksian own-

price elasticities could go to either plus or minus infinity when expenditure shares go to

! Christensen and Caves use the equivalent property of strict quasi-convexity of the indirect utility
function.




zero.? This erratic behavior of the Hicksian elasticities applies to the Translog as well.
In contrast, the necessary and sufficient conditions for strict quasi-concavity in the logit
model do not restrict the Marshallian price and income elasticities and do not necessarily

lead to erratic behavior of the Hicksian price elasticities.

2 Additivity, Homogeneity and Symmetry in a Linear
Logit Model of Budget Shares

Let the prices and corresponding quantities at any time period t be given by p;; and
Tit, 1= 1,2,...,n. Given that income in the same period is J; , then by definition of the
budget constraint,

) wp = 25 1>y >0 5 Ywe=t
i

In (1), wi: is the total expenditure or budget share of each commodity. In order to
satisfy (1), define a logit specification of the budget share,

efit efit

(2) Wit = ef1:+___+efns = EJ- e-fJ"

where f;; is a function of p;; and I. By defining the share, wn, of an arbitrarily chosen
nth good in accordance with (2), it follows that
Wit

wﬂt)=ft't—fnt v i =1,2,...,n-1.

(3) In (

Thus, the non-linear expenditure system evident from (2) can be estimated as a linear
system in (3) by specifying fit as a linear function shown later by (5).

Engel aggregation or additivity is satisfied by the linear logit model from the fact
that (2) strictly satisfies (1) for every set of predicted budget shares.

For homogeneity, consider first that by equating w;; in (1) to that in (2)
(4) Inzy = —In (%) + fu—In Zef-f‘ .

t i

®The Hicksian own-price elasticity is derived in Section 3 from the Hicksian own-price effect of the
Slatsky equation. This elasticity has the same sign as the own-price effect and must be negative; other-
wise, the utility function is not strictly quasi-concave. In contrast, the Marshallian owr-price elasticity
need not be negative.



The Marshallian demand functions z;; in (4) are homogeneous of degree zero in prices
and income given the following specification,
(5) fio = a0 + Z ai; 8ij:—11n %’E)
: ¢
j
where oy and «;; are parameters, The variables are the logarithmns of the ratios of
each commodity price to income, and 6;5:—; is a lagged variable weight which will be
shown later to determine global Hicksian symmetry.

By combining (4) and (5), it can be shown that the own-price, cross-price and income
elasticities are

81ln z;
(6) By = b“'fn—pf =~ 14 @iy — Y Wi bjiger
k) ]
2
d1ln z;
(7) Bt = 37— = ik Oikger — 3 Wit @pOipecy
dlnp
kit F
dlnzy
(8) B =5 =1~ ey + DY wir i B
J i

Marshallian zero-degree homogeneity in prices and income implies that the sum of
all price and income elasticities equals zero for each good, i.e.,

(9) > Ei: + Ein = 0.
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It can be verified that (9) is satisfied by the elasticities of the logit model in (6) to (8).
Hicksian symmetry of the cross-price effects can be obtained by defining 6 as the
following function of lagged shares and by imposing symmetry on the « coefficients,
. o > L o o S
=

(10) Biri—1 = Qip = Qi

where < is a parameter.

To show that the restrictions in (10) are sufficient for global Hicksian symmetry,
consider the Slutsky equation

ry Bzh | Oz
11 —_— L2 2 hutlid
( ) 2 Prt 0 Pk ke 0 L




where mft and :1:2: are Hicksian demand functions whereas z;; and 24 are Marshallian.
Now, the Hicksian cross-price effect in (11) can be expressed in terms of Marshallian price
and income elasticities and budget shares as

(12) 3_2:,'}_ =t (Birewir + witwie Ein) o7
6Pkt Pit Pkt 1kt Wit it Wkt LAT¢
gzt I
(13) —E = L (Epywgy + i wi Exn)

& pit Phs Pir
Hicksian symmetry of the cross-price effects means that (12) equals (13) or that

(14) By wiy + Wit Wi Eipp = Eiy Wiy + Wi Wiz Expe -

Hicksian symmetry in this model holds for any set of predicted budget shares. For
infinitesimal changes of shares, the time lag defined by the original data, ¢ — 1 may be
replaced by an infinitesimal lag, {—§ where § — 0. This means that the elasticities may
be computed conditionally, using on the right-hand side the shares evaluated at time t.
Thus, substituting (6) and (8) into the Hicksian symmetry condition in (14) gives

(15) wir 3 ik (Wie wer) + W Y oij (Wi w;e)” =
b J

wit Y, kg (Wit wie)” + Wie 3 i (wiswie)?
J i
This result is true given the symmetry restriction, a;; = @ji, in (10). Global symmetry
holds for every set of shares and for any value of +, given any number of goods.

3 Global Convexity of the Indifference Curve

An important issue raised by Christensen and Caves (1980) is that standard systems
which exhibit symmetry, such as the Translog, violate strict quasi-concavity of the utility
function (or strict quasi-convexity of the indirect utility function) for much of the sample
space, i.e., not just when shares are negative. In other words, Hicksian own-price effects
become positive and illogical.

In a model with only two goods, if the utility function is smooth, increasing and
strictly quasi-concave, then every indifference curve will be everywhere strictly convex
to the origin (Chiang, 1984). To illustrate the implications for different models, the
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discussion now focuses on the two-good case in which strict or global convexity is defined
to mean the above usual shape of the indifference curve. In this case, to demonstrate
global convexity, it is only necessary to show for one good that the Hicksian own-price
effect remains negative for all budget shares between zero and one.

Notice that zero-degree homogeneity in (9) and the Hicksian cross-price effect in (12)
are true for any well-behaved demand system. It follows that in a two-good case, the
own-price effect for good 1, can now be expressed as

0st _ 1

(16) T ;%wxlEu(l — wy) — wy Eyg)

where the time period subscript, t, is suppressed for simplicity. This yields the Hicksian
own-price elasticity, E}

T
(17) E{ll = —“l“"p—}l = z—-’ll[Eu (1 - wl) - w1E12] f
1

Since Marshallian and Hicksian demand functions do intersect, (17) can be evaluated
without loss of generality by letting z; = z% to give

(18) E} = [En(1 — wy) ~ wy By}

which shows that the Hicksian own-price elasticity is a function of the Marshallian own-
price elasticity, Ey; cross-price elasticity, Ejp and budget share, wy. It is necessary
and sufficient for global convexity that (18) be negative for all w; between zero and one.

3.1 The Linear Logit Model With Two Goods

It follows from (6), (7) and (10), that

a - En = anwi" M (1-w) - on wl (1—w)’ =1

(20) By = appw] (1= wy)™ — ag (1—w)? .
Substituting (19) and (20) into (18), gives the Hicksian own-price elasticity
(21) Eh=(Q-w)]

J = anwl™ (1-w) - 2epw] (1—w)" + agw (1—w)>! — 1.
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Since w_lz_O\)g El4 in (21) is negative if and only if J is negative.
For the case where v = 1, (21) yields

(22) : J = (0.’11 + agg — 2a12) W (1 - 'w1) -1,

Observe that the maximum value of w; (1 — w;) is 1/4 since w; is between zero and

one. Therefore, the condition for global convexity is
(23) (a1 + a2 — 2012) <4 & J <0 & E?‘i < 0.

For v = 1, (23) is the necessary and sufficient condition. Since the Marshallian elastic-
ities in (19) and (20) become

Ejp=(on —en)wi(l-w)-1 ; Ep= (g — exn)(l- wy)?,

the conditions in (23) neither restrict Fyy to beless than or greater than ~1 nor restrict
E;; to be positive or negative. That is, price-elastic or price-inelastic goods and gross
substitutes or complements are compatible with the global convexity of the indifference
curve in a logit model with 4 = 1.3 It is shown in the following sections that these
desirable properties do not hold for the Translog and AIDS models.

8.2 The Translog Model

The budgét shares of the Translog model (Christensen, Jorgenson and Lau, 1975) can
be written as '
Bio + ; BisIn ()

) we= > Bio + 2 Zj Bijln (Ef) PPy =B z{:ﬁio =-t

In the two-good case of (24), the own-price elasticity of good 1 and its cross-price
elasticity with the price of good 2 are,

(25) Ep=-1+4 ('i—) (%11 - fu - ﬁlz) ;

(26) Ep = (:1&-) (%1“2- - Pz — .622) ;

3In a two-good case, goods can only be Hicksian (net) substitutes but they could be either Marshallian
(gross) substitutes or complements.




(27) A= "'"1 + (Bu + Bi2) In (%1-) + (B12 + B22) l.n (%)

To determine the condition for convexity, substitute (25) and (26) into the expression
for EJ in (18) to obtain

1 1
(28) Efy =w -1+ E{ﬁu (’w_1 + w; — 2) + 2812 (w1 — 1) + Bz wn}.

In evaluating (28), note that E?, assumes utility is held constant as p, changes, by
definition of a Hicksian demand function. This means that I must be adjusted in the
opposite direction to the change in p; in order to return to the original indifference
curve. Given the price of the other good, p., it follows that A in (27) can switch signs-
as p; and I change, even with the same parameters, from the fact that (27} is a function
of the logarithmn of the ratio of prices to income. For strictly positive prices and income,
this ratio varies from less than to greater than one so that the logarithmn of this ratio
changes from negative to positive, thus changing the sign of A and of EM as well. To
prevent this change in sign from happening as p; and I change, it is necessary that

(29) Briit+Pa=0 and P+ =0
Given (29), (27) and (28) yield

- (30) E{‘lzwi-l--ﬁl—l
W

which shows that (29), while necessary, is not sufficient for (30) to be negative for all

w; between zero and one. In this case, the necessary and sufficient conditions for global

convexity of the indiflerence curve in the Translog model are

(31) Pu=pfu=~p220 & E<O.

The sufficiency of (31} is obvious from (30). Necessity follows from the fact that if . .

Pun < O then wy can always be made sufficiently close to zero such that (30) yields
Ef; > 0, which violates global convexity.
However, it follows from (31) that (25) and (26) yield

(32) Ep=-1- Pu < -1 E12=_ﬁ12 205 Eyy==(Ejn+E)=1
Wy un

where Ejj is the income elasticity. The results in (32) mean that global convexity implies
the restrictions that good 1 cannot be price-inelastic, cannot be a gross complement and

7




must have unitary income elasticity in the Translog model. It can be verified that these
restrictions apply to good 2 as well. Thus, the implied underlying utility function must
be homothetic in a globally well-behaved Translog model.

3.3 The AIDS Model

"The budget shares of the “almost ideal demand system” (AIDS) (Deaton and Muellbauer,
1980) can be written as

(33) w,-:)\;g-}wZ)\;jlnpj-l-T;ln(—;—-) ; Z)\;j:(] i i=1,2,...,n
b 8 J
where P, is a Stone price index (Phlips, 1983)

(34) P, = W;pY

-2
e e

s

Thus, (34) satisfies homogeneity. Moreover, it is required that
(35) Z)\,‘o:l ; Zz\,’j:(} ; ZT;:O P A = Ay
i ) H

The first three restrictions in (35) are for additivity and the fourth is for symmetry.
For two goods, the AIDS model yields for good 1 the following own-price elasticity
and cross-price elasticity (treating the shares in P, as fixed)

1

(36) Ey=—(Au—-nw)-1 ;
wy
1

(37) By = == D+ 7 (1 — wm))
w

To determine the convexity of the indifference curve, substitute (36) and (37) into
the expression for the Hicksian own-price elasticity in (18) to obtain

A
(38) Eb=w — 1422
w3
This yields the necessary and sufficient condition
(39) An €0 & Eh <o

for all w; between zero and one. The sufficiency of this condition is obvious from (38).
. At the same time, (39) is necessary because if A\y; > 0, then w; can always be made
sufficiently close to zero such that (38) yields E > 0, which violates global convexity.
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It follows that, since 11 could be of either sign, global convexity in the AIDS model
does not impose restrictions on the Marshallian price elasticities in (36) and (37). How-
ever, since A;; = Apg, the Hicksian price elasticities must have the same realationships
with the respective shares for both goods. Furthermore, the inverse function of wp in

(38) implies that elasticities behave very erratically as w; approaches zero.

4 Comparison of Theoretical and Estimated Hicksian Own-

Price Elasticities

The Hicksian own-price elasticities derived in the preceding section for the three models
are illustrated in the following diagrams. To avoid repetition, any mention of “elasticity™
in the following discussion is meant to refer to “Hicksian own-price elasticity”, unless
otherwise noted.

Notice that the Translog elasticity in (30) will generate the same locus as the AIDS
elasticity in (38) by letting — 813 = A;;. In Figure 1, two cases are illustrated. The first
one is for — 11 = Ay; > 0 in which case the Translog and AIDS elasticities not only
become positive but also increase to + 0o as the expenditure share approaches zero, and
consequently, violate global convexity. The other is for the reverse case when — B =
A1 < 0 in which the elasticities remain negative but decrease to — oo as the share
approaches zero. While global convexity is not violated, this latter case illustrates that
the Translog and AIDS elasticities change dramatically when the share, w; , approaches
zero. This Figure also illustrates the logit elasticities from (21) for the case where v = 1

and the parameters are chosen to satisfy the necessary and sufficient-cordition for-global
convexity in (23). This case is illustrated by the solid line which shows that the logit
elasticities not only remain negative (thus satisfying global convexity) but are also quite

stable, ranging between —1 and zero as the share varies between zero and one.

Figure 2 illustratesa three-dimensional sitface showing what happens to the logit
elasticities when % is below or above one, with the other parameters remaining the same
as in Figure 1. The spikes in the surface appearing in the foreground correspond to cases
where the logit elasticities violate global convexity. This possibility may be inferred from
(21) in that when 7 is less than 1/2 then the exponent 2y — 1 is negative. Therefore
the influence of @17 and a2 will be accentuated as wy approaches zero, This behavior
is similar to the characteristics of the Translog and AIDS models. Notice, however, that
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when 7 exceeds "1/2 the logit elasticities remain negative. Thus, the choice of 7 is
crucial to global convexity in the logit model.

As the preceding theoretical illustrations show, the Translog and ATDS models tend
to behave erratically when shares are close to zero. Thus, for purposes of comparison,
the AIDS and logit models were fitted to energy (electricity, natural gas and fuel oil com-
bined) expenditure shares versus the shares of all other expenditures, using residential
sector data for the state of New York from 1960 to 1987. This application seems appro-
priate since the data show that energy expenditure shares are small, ranging between
2.08% and 3.34% during the period examined,

The estimation was carried out by SAS SYSNLIN , using the iterated Zellner’s seem-
ingly unrelated regression (ITSUR) option because of cross-equation constraints. The
estimated parameters (with standard errors in parentheses) for the AIDS model are:

Mo = 0.10341 (S.E. = 0.03341) ; A} = 0.01500 (S.E. = 0.00167)

71 = —0.01134 (S.E. = 0.00385) ; R? = 0.7892

In the case of the logit model, two versions were fitted. One assumed a fixed value
7 = 0.5, and the other version estimated 7 along with the other parameters. The
results are:

ajp = —2.54161 (S.E. = 1.20199) ; oi, = 0.16331 (§.E. = 0.13374)

a1z = 0.02524 (S.E. = 0.00688) ; o3 = 0.16571 (S.E. = 0.09203)

v =05 (fized)  R? = 0.8722

i

and, when 4 is estimated,
a0 = — 243037 (S.E. = 1.26663) : aj; = 0.03373 (5.E. = 0.19488)
aiz = 0.00027 (S.E. = 0.02358) ; a3, = 0.02855 (8.E. = 0.30344)

4 = 0.26253 (5.E. = 0.78252) ; R? = 0.8734.

It is interesting to note that when the hypothesis v = 0.5 is tested, the t-test statistic
gives t = (0.26253 — 0.5) /0.78252 = ~0.30347. This indicates that 7 is not statis-
tically different from 0.5. This strengthens the case for 4 = 0.5 where the estimated
price parameters have smaller standard errors and R? is only slightly lower.
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The plots of elasticities against expenditure shares using the estimated parameters
are shown in Figure 3. Notice that the AIDS elasticities change much more than the
logit elasticities over the sample range from 0.020 to 0.030. This shows that, although
global convexity is violated for the estimated value of 7, the region of convexity for the
logit is larger than that for AIDS. In the case of 4 = 0.5, the logit elasticities remain
negative, i.e., global convexity is satisfied, and are very similar to those of the other logit

model with 7 estimated over the data range.

5 Conclusion

This paper presented a linear logit model that has the same global properties as the
Translog and the AIDS models with respect to additivity, homogeneity and symmetry
of demand systems. The specific purpose was to examine the parameter restrictions in
these models for global convexity to the origin of the indifference curve, in order to have
logical price effects.

This paper finds that the restrictions for global convexity in the logit model permit
goods to be Marshallian price-elastic or inelastic and to be gross substitutes or com-
plements. Similarly, goods could be income-elastic or inelastic. Moreover, the Hicksian
own-price elasticity is relatively stable and tends to remain negative as the expenditure
shares vary between one and zero. In contrast, the parameter restrictions for global
convexity in the Translog model restrict the goods not to be Marshallian price-inelastic,
not to be gross complements and to have unitary income elasticities, i.e. the underlying
utility function is homothetic. The restrictions in the case of AIDS allow the goods to be
Marshallian price elastic or inelastic, as well as to be gross substitutes or complements,
but the Hicksian own-price elasticity behaves erratically since it goes to + 00 or — ¢
as shares approach zero. This erratic behavior applies to the Translog as well.

The overall conclusion is that the logit model covers realistic cases that would be
ruled out by the Translog. It also encompasses the behavior of the AIDS model (when
4 < 0.5). However, AIDS has the unappealing property that the elasticities always
behave erratically when expenditure shares are small. In contrast, elasticities in the logit
model, given appropriate parameter values, are stable for all expenditure shares. In this
situation, the logit model will never give illogical predictions even if price and income
levels differ substantially from the sample values.
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