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Abstract

McKenzie’s money metric measure of the Hicksian Equivalent Variation (HEV)
is derived from a third-order Taylor series approximation to the change in an ar-
bitrary indirect utility function. This paper reformulates the money metric to
establish its validity as a welfare change indicator. By means of this reformula-
tion, a third-order money metric is shown to be non-decreasing in income, non-
increasing in prices and homogeneous of degree zero in income and prices. These
are the essential economic properties of an indirect utility function that a valid
welfare change indicator must also possess. The money metric satisfies the inte-
grability conditions but without the restriction of identical income elasticities of
demand required for the integrability of the traditional Marshallian Consumer’s
Surplus (MCS). Welfare changes from multiple price and income changes in a de-
mand system can be measured by the money metric, using no more information
than that required to calculate the MCS. The superiority of the reformulation of
the third-order money metric over the MCS as an approximation to the HEV is
demonstrated in the more general case of unequal income elasticities where the
MCS is not integrable or not uniguely measurable. It is argued that the HEV is
the only meaningful money measure of welfare change in this general case when
there are multiple price and income changes. However, the HEV can only be
approximated in practice, there being no exact measure in the absence of knowl-
edge about the exact form of the underlying utility function or the structure of
consumer preferences. As a superior approximation to the HEV compared to the
MCS, the money metric rests on a sound theoretical basis and has the potential
for wide applications in policy analyses, given the fact that it is measurable from

the typical Marshallian demand functions estimated in practice.
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I. Purposes of this Paper and Summary of Findings

This paper is principally concerned with the measurement of the money equivalent
of the change in welfare induced by policies that change consumer prices and
income. The underlying premise is that consumers are utility-maximizing and this
behavior is exemplified by observable market demand functions.

Policy analyses, in general, often use the Marshallian Consumer’s Surplus
(MCS) to evaluate alternative scenarios.!. This paper presents.a method- of calcu- -
lating the money equivalent of the change in welfare resulting from multiple price
and income changes using a money metric originally proposed by McKenzie as an
alternative to the MCS.”> However, McKenzie’s original specification is reformu-
lated in order to show that the money metric has the properties of an indirect
utility function, thereby establishing it as a valid indicator of welfare change. In
particular, it is shown that the reformulation is non-decreasing in income, non-
increasing in prices and homogeneous of degree zero in income and prices,

The money metric is proposed for application in situations where the MCS
is not integrable or, equivalently, not uniquely measurable. It is shown that the
money metric satisfies the integrability conditions implied by utility maximization
without, however, the restrictions on demand functions or on preferences required
for the integrability of the MCS. At the same time, the money metric is practical
in that it is derived from exactly the same Marshallian demand functions that are
estimated to calculate the MCS. Thus, it is more a,ppea,lmg than the MCS in bemg

less restrictive in theory as well as in applications.

'For a textbook discussion of the use of the MCS in agricaltural economics, see
Just, R. E., Hueth, D. L. and Schmitz, A. Applied Welfare Fconomics and Public Policy
(Englewood Cliffs: Prentice Hall, Inc., 1982) or McCalla, A. F. and Josling, T. E,
Agricultural Policies and World Markets (New York: Macmillan Publishing Company, 1985).
Moreover, for the use of the MCS in practical applications, see Haley, 8. L. and Dixit, P.
M., Economic Welfare Analysis: An Application to the SWOPSIM Modeling Framework, Staff
Report No. AGES871215 (Washington, DC: U.S. Department of Agriculture, Economic Research

Service, August 1988).
*McKenzie, G. W., Measuring Economic Welfare: New Methods {Cambridge, England: Cam-

bridge University Press, 1983).




Section 2 outlines the derivation from utility maximization of an integral ex-
pression for welfare change in the general case of a simultaneous change in income
and prices. This expression serves as the point of departure for both the MCS and
the money metric measure.

Section 3 synthesizes the earlier findings in the literature on the conditions for
the integrability of the MCS.? This paper confirms the postulate that, as a general
condition, the MCS is integrable if and only if the income elasticities of demand
are equal for the goods whose prices are changing simultaneousiy.?

To accomodate every possible combination of price changes, including the case
where all prices change, the above general condition implies that the MCS is
integrable if and only if all the income elasticities are equal to one. With all prices
changing at the same time, the MCS is integrable if and only if preferences are
homothetic since only then will all income elasticities be uniformly unitary. 5 Note,
however, that homotheticity is both necessary and sufficient for the integrability
of MCS only when all prices change. Otherwise, it is only sufficient and not
necessary. In other words, it is in general theoretically correct to use the MCS

if the set of changing prices corresponds to the set of commodities with identical

3The MCS is mathematically a line integral when there is a change in more than one price at
the same time. In this case, the integrability conditions are those required for the MCS to yield

a unique value independently of the path of integration.
%Gee Just, R. E., Hueth, D. L. and Schmitz, A.,0p. cit., appendix B, pp. 357 — 416, p. 368, in

particular,
bGilberberg, B., The Structure of Economics: A Mathematical Analysis {New York: McGraw
Hill Book Company, 1978), pp. 356 — 59. For an earlier analysis leading to the same conclusicn,

see his paper, ”Duality and the Many Consumer Surpluses,” American Economic Review, vol.62,
no.5 (December 1972} pp. 942 —52. For similar conclusions and other related findings in a wider
get of cases, see Chipman, 1. 8. and Moore, I, C., “Compensating Variation, Consumer’s Surplus,
and Welfare,” American_Economic Review, vol. 70, no. 5 (December 1980), pp. 933 —49. Also by
Chipman and Moore, see “The Scope of Consumer’s Surplus Arguments,” in Tang, A. M., et. al,,

eds., Evolution, Welfare and Time in Economics: Essays in Honor of Nicholas Georgescu-Rogen

{Lexington, Mass.: Ileath - Lexington Books, 1976), pp. 69 —~ 123,
51t secms that Silberberg, on the one hand, as well as Chipman ard Moore, on the other, are

analyzing the case where all prices are changing at the same time since they are all emphatic
about both the necessity and sufficiency of homothetic preferences. In contrast, Just, Hueth and

Schmitz are analyzing the same cases treated here, where a subset of prices change.



income elasticities. However, this situation is unlikely to occur in reality and,
therefore, the MCS is unlikely to be reliable in practice.

Moreover, section 3 shows that when all prices but one are changing, the MCS
is also integrable if preferences are parallel with respect to the good with the
constant price. In this case, the latter good has an income elasticity at least equal
to one and all the other goods with varying prices have income elasticities equal
to zero. However, parallel preferences constitute a sufficient but not a necessary
condition for the integrability of MCS since the goods with varying prices need
only have uniform income elasticities, not necessarily equal to zero.

Section 4 supports earlier findings in the literature that in the more general
case of unequal income elasticities, where the MCS is not uniquely measurable,
the only meaningful money measure of welfare change is the Hicksian Equivalent
Variation (HEV).” This puts into perspective the potential role of the money metric
since it is precisely intended to approximate the HEV from the typical Marshallian
demand functions estimated in applications.

Section 4 proceeds to derive the money metric according to the integrabil-
ity conditions implied by utility maximization for demand systems with unequal
income elasticities. Moreover, section 4 explains why the money metric can be
properly interpreted as a measure of the HEV although it is derived entirely from
the Marshallian demand functions used to calculate the MCS.

Section 5 presents a reformulation of McKenzie’s money metric and shows
that it has the properties of an indirect utility function, namely, that it is non-
decreasing in income; non-increasing in prices and homogeneous of degree zero
in income and prices. It is shown that it has these properties if it is a first or
third-order approximation but not if it is a second-order approximation. By this
reformulation, it is shown that a third-order approximation, in particular, is a
theoretically valid indicator of welfare change.

Section 6 presents a simple example where the MCS does not yield a unique

"See Chipman, J. and Moore, J. C., op. cit., p. 948; and Hurwicz, L. and Uzawa H., “On
the Integrability of Demand Functions,” in Chipman, J. S., Hurwicz, L., Richter, M. K., and
Sonnenschein, H. F., eds., Preferences, Ulility and Demand (New York: hazcourt Brace, 1971),
pp. 114 — 48,




value and demonstrates, using this example, the relative accuracy of the third-order
money metric over the MCS in measuring the HEV.2 It is argued that the HEV is
the best money measure of welfare change for policy analyses. The example shows
that the money metric is superior to the MCS for the measurement of welfare
changes.

Finally, section 7 concludes this paper with a brief recapitulation of findings and
gives some qualifications about using the money metric. The overall conclusion,

however, is that it is 2 much better measure than the MCS.

ITI. An Integral Measure of Welfare Change From the
Indirect Utility Function

A valid integral measure of welfare change can be defined as a discrete change
in an indirect utility function resulting from a change in a consumer’s price and
income vector. This is derived in the following discussion.®

Let the utility function defined by

(1) U= U(z1, 2y ooy Tn )
be maximized subject to the budget constraint

(2) T=pioi +p223+ o+ Potn = Q_pidi

where I represents income, z; and p;, = 1,2,..,n, represent, respectively,
the quantities and prices of the goods. Let the Marshallian demand functions

resulting from utility maximization be

(3) 2; = 2;(P1y P2y o Pai 1) 3 G = 1,201

#This example is from Silberberg, op. cit., p. 355.
974 is assumed that the consumer’s preferences and budget set have all the properties that

guarantee the existence of well-behaved demand functions. For details, see Varian, H. R.,
‘Microeconomic Analysis, Second Edition (New York: W. W. Norton and Company, 1984), ch. 3.




The indirect utility function is obtained by substituting (3) into {1). This is
given by

(4) V(P,I) = U [21(P,1), 23(P, 1), .., 2,(P,1)]

where (P, I) = (p1, P2, ..., Puj 1) is the vector of goods prices and income.
Totally differentiating (3) and (4), 10

v
@ W= Sda Grar= g o
o0z Oz ;
(6) dzj_z “"d + aI-”dI

Therefore, by substitution of (6) into (5),

Let A be the Lagrange multiplier from the maximization of (1) subject to -
(2). Thus, the first order conditions yield

ou ,
(8) 8_273 =Ap; ; i=12,.,n

so that (7) can be rewritten as

By partial differentiation of the budget constraint in (1) with respect to p; and

also with respect to I , the resulis are, respectively,

(10) Z 36% = —

UNotice that there are n different goods and, therefore, also n  different prices., With this
in mind, all summations from hereon should be understood to encompass all goods or prices 1,2,
., I no matter what the summation index is, for example, i, j, or k depending on the context
of the derivation.




and
' ]
(11) Z Pi 7 ”f -

Substituting (10) and (11) into (9) and recalling {3},

(12) dv = Z dp, ax; I = Z( Awi)dpi + Adl.
That is,!!

v oV
(13) -é;);——/\mt H -67—}\.

Finally, by integrating (12), the discrete change in utility corresponding to a change

in a consumer’s price-income vector is given by

Iﬂ
(14) AV = [ E( Az dp; + Adr
where p? , pF , i=12,.,n are the elements of the old and new price

vectors and I° and I™ are the old and new income levels, respectively.!?
Equation (14) is the integral expression for welfare change that forms the basis
of the MCS and money metric measures. The basic point of departure between
these two measures crucially depends on the assumptions about the functional
behavior of the marginal utility of income, A. These assumptions permit the
conversion of AV into a money equivalent measure of welfare change, at the same
time that they imply restrictions on the demand functions or on the underlying
preferences. The implications of these assumptions for the MCS are discussed in

the next section.

17hid., p. 126. By Roy's identity, the Marshallian demand function may be obtained as the
negative of the ratio of these partial derivatives, ie, — (BV/ap) f(BV/OI) = = .
12For a result similar to (14), see Just, R. E., Hueth, D. L. and Schmitz, A.,op. cit.



ITII. Conditions for the Integrability of MCS in Terms
of Restrictions on Demand Functions or Prefer-

ences

The MCS is a money measure of welfare change given a change in prices, usually
with no contemporaneous change in income. In the more general case where more
than one price changes at the same time, the MCS is derived from (14) by factoring
out A from the line integral expression in the right-hand side and then dividing
it into  AV. Given the same income or Al = 0, we obtain {15) which shows
MCS as a line integral in that it is a sum of integrals, each corresponding to the
change in welfare due to a change in a specific price when there is a simultaneous

change in prices.!3
AV e
(15) MCS = N = /po Z("-’Ei)dpi.
i i

Notice that MCS is in money terms. This is because AV is in units of utility and
1/A is the marginal cost (in terms of income) of utility, A being the marginal
utility of income.

- The derivation of MCS above is not innocuous as it appears because factoring
out A from the line integral is legitimate if and only if A is constant with respect

to each of the prices that have change_d. However, this condition is generally not

true. While there may be no change or only a once and for all change in A due. . ...

to a change in income alone, the value of )\ could change from one integral term
to the other as price changes. If so, it cannot be factored out of the line integral
and then be divided into AV in order to obtain the formula for MCS in (15).

13In order for this line integral to yield a unique value, it has to be independent of the path
of integration. This path independence is precisely the integrability condition. Thus, if a line
integral is path independent, then it is integrable in the sense that its value is unique. See
Danese, Arthur E.,Advanced Calculus (Boston: Allyn and Bacon, Inc., 1965), pp. 123 — 29. This
integrability issue does not, however, arise in the case of a single price change. I only the ktk
price changes, then MCS = — f ; ¢y dpy  which is a simple integral and always integrable. This

is familiar in textbooks as the area under the Marshallian demand curve,




In this analysis, the functional behavior of A with respect to the prices that
have not changed is irrelevant since these latter prices are not represented in the
line integral expression. Hence, in order to factor out A from the line integral, it
is necessary and sufficient that it be constant with respect to each of the changing
prices. In this case, MCS is integrable and the integrability condition for (15) is
that

A
16 =0
(16) Op;
for all prices that have changed. Alternatively, the integrability condition may be
given as'?
de; O
17 — ==, i#j]
(17) ;= O # J

for the same set of changing prices. Conditions (16) and (17) are equivalent, i.e.,

0A _ oA _ 89:.,- _ 3.?3j
(18) [5@: = B O] @ [@. = a@}

This means that the constancy of X with respect to prices is equivalent to the

symmetry of the Marshallian cross-price effects between the corresponding goods.
This condition for the integrability of MCS implies, however, a restriction on
demand functions because the symmetry of Marshallian cross-price effects is not
a necessary result from consumer theory.'®

Suppose that (16) is true for all prices that changed. To see its implication,
consider again (13). This yields by the chain rule,

o _o(%r) _o(%) _ _ om o

(19) op; ~ Op 01 ~ AT "% ar and

p_ o) dE) o o

—_— = —_— gy —
op; ~  Op; o7 TN

14Gee Just, R. E., Hueth, D. L. and Schmitz, A.op. cit,, p. 364 and also Silberberg, E,
The Structure of Economics: A Mathematical Analysis (New York: McGraw-Hill Book Com-
pany, 1978}, p. 356.

15This is in contrast to the symmetry of Hicksian cross-price effects which is necessarily true.

(20)




If (16) is true, it then follows from (19) and (20) that

Be; I Ga; I NI
(21) DR 1B

Thus, (16) implies (21) but the latter is true only if the former is true, Therefore,
(21) means that the income elasticities of demand are equal for the goods whose
prices have changed if and only if A is constant with respect to each of these
prices.® If so, A can be factored out of the line integral in (14) to derive MCS
in (15)In this base, MCS is .iﬁtégfa.bl.e or umquely measurable.

Suﬁpos'e now that (17) is true. In order to prove the equivalence in (18),
consider the Slutsky equations

Oz; _ dzh o0x;

22 = b g
(22) ap; Bp; z; i or
. Azl .
(23) Oz _ -—J—m%
Op; Op; ar
Notice that z; and «; are Marshallian, in contrast to :cf* and a:? which are

Hicksian demand functions. By using the fact that the Hicksian cross-price effects

are always symmetric, i.e.,1”

A Hzh
(24) | oaf _ 9%
dp;  Op;

1t follows from (22), (23) and (24} that, if {17) is true, then
Oz; o 32:_?'
= "9 T

1% This result may be found in Just, R. E,, et. al. op. cit., p. 368.
The symmetry of Hicksian cross-price effects is easily proved. By Shephard’s lemmma, the

Hicksian demand funciion is the first-order partial derivative of the expenditure function with
respect to price. Now, the Hicksian cross-price effect is the first-order cross-price partial derivative
of the Hicksian demand function. But following the application of Shephard’s lemma, this Hicksian
cross-price effect is equal to the second-order cross-price partial derivative of the expenditure
function. But for any two distinct prices, these second-order cross-price partial derivatives are
equal by Young’s theorem. This establishes the equality or symmetry of Hicksian Cross-price
effects. See Varian, H. op. cit., p. 133.




Finally, by multiplying both sides of {25) by ﬁ, the result is that

which was obtained earlier in (21). As shown above, (17) implies (26). Observe,
however, that (26) is true only if (17) is true. This means that the symmetry of
Marshallian cross-price effects is necessary and sufficient for the equality of income
elasticities of demand.

Tt follows from above that the counstancy of X with respect to each of the
prices that are changing and the symmetry of the Marshallian cross-price eflects
between the corresponding goods are equivalent integrability conditions. By way
of the Slutsky equation, this implies that the equality of income elasticities of
demand is a necessary and sufficient condition for the integrability of MCS. This
equality says nothing specific about the value of the income elasticities, as can be
seen from (21). This result holds so long as only a subset of prices change.

However, if all prices change at the same time, the above result implies that the
MCS is integrable if and only if all income elasticities are unitary, l.e., preferences
are homothetic. To demonstrate this, consider first the fact that X is the partial
derivative of the indirect utility function, VP, I), with respect to income, I. Hence,
it is also a function of the price vector, P, and of L. Since V(P,I) is homogeneous
of degree zero in (P,I), then X is homogeneous of degree minus one in (PI.
Therefore, 8

)\

by Euler’s theorem.!® Moreover, because the budget constraint is assumed binding,

the Lagrange multiplier, A, is non-zero. In fact, it must be positive since it is also

16This follows from the fact that the partial derivative of a function which is homogeneous
of degree k is homogeneous of degree k—1 . See Henderson, J. M. and Quandt, R.,
Microeconomic Theory: A Mathematical Approach, Second Edition {New York: McGraw-Hill

Book Company, 1971}, p. 79. V(P,I) is homogeneous of degree zero in prices and income

since it is obtained by substitution into the original utility function of the Marshallian demand
functions, which have zero degree homogeneity with respect to prices and income. That is, the

quantities demanded are invariant with respect to proportionate changes in prices and income.
19por a discussion of Euler’s theorem on homogeneous functions, refer to Chiang, A. C,

10



the marginal utility of income. Therefore, in view of (27), it cannot be constant
both with respect to all prices and income.2 That is, A can be constant with
respect to all prices alone; with respect to income alone or; with respect to some,
but not all, prices and income together.

But suppose now that X is constant with respect to all prices, i.e,

oA .
(28) 51';: =10 3 T = 1,2,...,n.
If s0, it follows from (19),(20), (27) and (28) that
| , 8\
(29) A= - T I and
- dx, _ X i _

(30) BF = “YipF ; 1=1,2,...,n
Given that ‘-gu%- # 0, these last two results yield

Oz; 1 >
(31) “87 ?1 =1 3 1= 1,2, ey T

This result can also be obtained by substituting the value of A in {29) into the
right-hand side of (21). The result in (31) that all income elasticities of demand
are uniformly unitary is equivalent to the homotheticity of preferences.?! That is,
in the case where all prices change, the MCS is integrable if and only if preferences
are homothetic. -

The reason for the necessity of homothetic preferences when all prices are
changing is that it is necessary that all income elasticities be equal according to
(21). However, if all income elasticities are equal, they must all be equal to one,
from the fact that the sum of income elasticities weighted by budget shares equals

Fundamental Methods of Mathematical Economics, Third Fdition (New York: McGraw-Hill

Book Company, 1984), pp. 410 — 17,
0 Although arguing by means of a different set of equations, this same assertion was eatlier

made by Samuelson, P. A., Foundations of Economic Analysis, Enlarged Edition (Cambridge:
Harvard University Press, 1883), p. 191.
*!See Silberberg,op. cit., pp. 356 — 60,

11




one and that the sum of these shares equals one.? But when income elasticities
are all equal to one, preferences are homothetic, by definition. Sufficiency follows
from the mere fact that in this case all income elasticities are uniform, therefore,
consistent with the equality condition in {21).

Finally, the case of parallel preferences can be derived as a special case of the
preceding analysis. Parallel preferences imply that income elasticities are zero for
some goods. At the extreme, if there are n goods, at most n—1 can have zero
income elasticities. The reason for this upper limit on the number of possible zero
income elasticities follows from the budget constraint. Recalling (11), we obtain

without losing generality by changing the summation index j to i,

: pz; Oz T
(32) Z z _

I 8 z;

which means that the sum of all income elasticities, weighted by the budget shares,
equals one. Clearly, at most n — 1 of these income elasticities could be zero
without violating the budget constraint. Now, if income elasticities are not only
equal but also zero, then (21) implies that

o _
aI
Given (33), it follows in turn from (27) that

(33) 0

a\
(34) A= --Z o

Since A cannot be zero, at most n—1 of this sum of partial derivatives is zero.
Suppose that the only non-zero partial derivative is for the kth good. Then, from
{19) or (20)

A N Oz

(39) e 7]

since (33) is assumed in this case. Thus, by substituting (35) into (34), it follows
that

Ok _ piwy Oy I

(36) Pripr =TT ar Ty

=1

22This may be seen later in equation {32).

12



which can also be obtained from the budget constraint relation in (32) if the kth
good is the only good with a non-zero income elasticity. It can be deduced that
this good must have an income elasticity at least equal to one from the fact that
its share in the budget is at most equal to one. If so, all the income elasticities
are uniformly zero for all the other goods whose prices are free to vary. Thus, this
uniformity implies that parallel preferences suffice for the integrability of MCS.
However, the case of parallel preferences while sufficient is not necessary. The

~reason -is that the necessary and sufficient condition isfor all incoie elasticities,
except-one, to be equal. But the budget constraint relation in (36) implies that
it is possible for all income elasticities, except one, to be uniformly equal to some
number other than zero. Thus, the case of parallel preferences is not necessary.
To summarize, if only a subset of prices change simultaneously, it is necessary
and sufficient for the integrability of MCS that the income elasticities of the goods
with changing prices be uniformly equal to some value, but not necessarily equal to
one or zero. This uniformity does not require homothetic or parallel preferences but
is satisfied given these preferences. ** That is, homothetic or parallel preferences
constitute sufficient but not necessary conditions for the integrability of MCS.
Since these preferences guarantee uniformity of income elasticities (all equal to
one, if homothetic, or equal to zero for all but one good, if parallel), it follows
that, given either type of preferences, MCS is integrable irrespective of the prices
that are changing, except for the price of the one good with a non-zero income
elasticity under parallel preferences. Unfortunately for the MCS, it also follows

where more than one price varies at the same time.
IV. A Money Metric Measure of Welfare Change for
the General Case of Unequal Income Elasticities

The integrability problem surrounding the MCS has led Silberberg to say that:

“The simple truth is that there is no unique dollar or money equivalent of a

“*This is the same conclusion arrived at by Just, R. E., et. al, in our earlier reference.

13




change in utility. There is nothing to do about it.”?%. This remark goes too far,
however, for it confuses the means of measurement and what is being measured.
The problem with MCS is that, in general, it does not yield a unique value. This
does not, however, prove that the welfare change from these changing prices is not
measurable. On the contrary, as noted by Chipman and Moore, the theoretical
possibility of computing a function, which is 2 money measure of indirect utility,
is not in question since the existence of this function has been proved earlier
by Hurwicz and Uzawa.?® They conclude that all that is needed is a practical
algorithm to compute the Hurwicz-Uzawa income-compensation function, which in
the view of Chipman and Moore is the same as the generalized Hicksian Equivalent
Variation (HEV).

The suggestion of Chipman and Moore to compute the HEV is for the general
case, outside of homothetic or parallel preferences. The HEV is preferred to the
other Hicksian measure of welfare change, the Hicksian Compensating Variation
(HCV), for policy analyses because the HEV is the natural procedure for comparing
a base case with a series of alternative scenarios, By means of the IIEV, alternatives
are evaluated by comparing the income equivalent (using the “old” set of prices
as the base) of a change in utility induced by the effect of policies on prices and
income.

Chipman and Moore, as well as Silberberg, argue that the HCV has additional
problems as an indicator of welfare change. The issue is not integrability since
it is always integrable, like HEV, considering that its integrability only requires
the symmetry of Hicksian cross-price effects, which is always true. The problem
arises from the computation of HCV in that the income compensation from the
price change is based on the “new” vector of prices but holding utility constant

at the “old” level.26 This being the case, converting HCV into an ordinal indi-

28ilberberg,op. cit., p. 353
2*See Chipman, J. and Moore, J. C., op. cit., p. 948; and Hurwicz, L. and Uzawa H., “On

the Integrability of Demand Functions,” in Chipman, J. 5., Hurwicz, L., Richter, M. K. and
Sonnenschein, H. F., eds., Preferences, Utility and Demand (New York: Harcourt Brace, 1971),

Pp. 114 — 48,
“For example, suppose that prices fall. In this case, the HCV is the maximum amount of

money that can be taken away from the consmmer at the same time leaving him as well off as
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cator of welfare change is problematic in view of the fact that it is computed by

holding utility constant, i.e., no change in welfare. However, Chipman and Moore

showed that the HCV is an acceptable indicator of welfare change if and only if
the underlying preferences are homothetic or parallel.

In turn, the above finding implies that attempts to approximate the MCS by
the HCV, as proposed by Willig, is either futile or unnecessary.?” The reason for
futility is that if preferences are not homothetic, the HCV is not an acceptable
~indicator of welfare change at the same time that.the MCS.is not integrable, i.e.,
not uniquely measurable. However, if preferences are homothetic, the HCV is
acceptable but the MCS is integrable so that an approximation is unnecessary. 2

It appears that in the general case where the income elasticities vary among
goods, i.e., outside of homothetic or parallel preferences, the only meaningful mea-
sure of welfare change is the HEV. The reason is that the HEV can properly be
interpreted as the money equivalent of welfare change. It is computed based on
the old vector of prices but allows a change in utility by holding it constant at the
new level. Thus, suppose prices fall so that welfare improves or utility increases
to a higher level. Holding utility constant at this new (higher) level, the HEV is
computed based on the old prices precisely to determine the amount of money that
the consumer will accept to keep him at his new (higher) level of utility if he were
to pay the old (higher) prices. That is, the consumer should be indifferent between
recejving the full amount of the HEV and paying the old (higher) prices, or simply
paying the new (lower) prices. In this case of a fall in prices, the HEV is positive

before the fall in i)riée.s. For further discussion of Hicksian c.(.)r.n"pe.r.L.s.at.ic.J.n measures, see Boadway,
R. and Bruce N., Welfare Economics {Oxford: Basil Blackwell Ltd., 1984), pp. 39 — 42) and,
of course, Hicks, J. R., Value and Capital (London, England: Oxford University Press, 1939;
“Consumers’ Surplus and Index Numbers,” Review of Economic Studies, 9 {Summer 1942), pp.
126 — 37; and A Revision of Demand Theory (Oxford, England: Clarendon Press, 1956).

TWillig, R. D., “Consumer’s Surplus Without Apology,” American Economic Review, vol. 66,
no.4 (September 1976), pp. 589 — 07,

2 Chipman and Moore, p. 945, support this conclusion. On the other hand, in his general
discussion relating to the HCV and MCS when preferences are not homothetic, pp. 489 — 494,

Silberberg concluded, p. 494, that “attempts to use consumer’s surplus to measure welfare losses
are largely the application of the inappropriate to measure the undefinable.” He did not, however,
address the issue of measuring welfare changes by the HEV,
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and it can be interpreted as the equivalent minimum income subsidy. With a rise
in prices, the HEV is negative and it can be interpreted as the maximum income
tax that the consumer will be willing to pay in lieu of paying the higher prices.

In light of the foregoing discussion, the money metric may now be derived from
the Marshallian demand functions and shown that, indeed, it is a measure of the
HEV. Recall at this point the welfare change integral given earlier by (14). Since
it will be assumed that income elasticities are not the same for all goods, A will
be treated as a variable with respect to both prices and incame. Thus, A cannot
be factored out of the right-hand side of (14) in the manner of the MCS. In this
case, the integrability conditions for (14) are that 2°

8(=)e:) _ 0(=Aaj)

37 ;
(37) - Op; Ipi
(=Az;)  9x

8 op and
8(=Xe;) _ oA
8r - 3pj

It is also assumed that the indirect utility function V(P,I) is an analytic function
so that AV can be computed by a Taylor series expansion which is evaluated
subject to the above integrability conditions. The money metric measure proposed
by McKenzie is derived from a third-order Taylor series approximation to the
change in the indirect utility function. *°

* Recall the first-order total differential of the indirect utility function from (12),

which is reproduced below,

1% ov
dv = ;a—pz_dpz + o7l = Zé:(-/\wz)dp,, + Adl .
It follows from this that the second and third-order total differentials are
(38) dQV—ZZ—?j-V—d-d --E-ZZ—QjK—d-dI-{- sz(df)z and

2See McKenzie, op. cit., pp. 27.
3°Ibid., pp. 45 — 6, provides a justification. Furthermore, however, it will be shown in the

following section of this paper that while a second-order approximation is not a valid measure of

welfare change, a third-order approximation is valid.
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oV ' oV
309) d*V = e dp; dp; dpy, + 3 o dpidpy dI
(39) ‘?;ijap;apjapk pi dp; dpy ;;ap,iapkaf pidpi

v 2, BV
+3Z£:———~5p2,512 dpi (dI)? + —= (dI)

By definition of a Taylor series expansion of AV, 3

(40) AV = dv + 2V 4 SVt ot LV R

Fach term corresponding to the nth order total differential is divided by the
factorial of n. Moreover, each partial derivative is evaluated at the initial values

of the variables and the changes in these variables are defined as discrete changes

from initial values. The term R, is the remainder from a finite nth order
approximation, ‘ .

All the partial derivative terms in the first, second and third-order total differ-
entials are obtained from the earlier results in (13) that

ov ov
— = - : M —_ = A
op; Aci ’ a1

subject to the integrability conditions in {37). It should be emphasized that )
is treated as a variable with respect to all prices and income in the following
derivations.

The crucial steps in deriving the money metric is the normalization of the value

of A at the initial values of prices and income to one, i.e.,>?

(41) A= MNP, 1) =1 .

and the linearization of V at that point with respect to income, This implies that
the partial derivatives of A with respect to income of all orders are identically

zero, i.e.,

amA(Pe, I°)

i\l Sl : >1 .
(42) 5T 0 : r>1

2!See Chiang, A., op. cit., pp. 256—60 and Apostol, T. M., Calculus, Volume I, Second Edition
{(New York: John Wiley and Sons, Inc., 1967}, pp. 278 — 9.
328ee McKenzie,op. cit., pp. 46 for further explanation of (41} and (42).
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Note that (42) is not equivalent to assuming that A is constant with respect
to income because (42) is invoked only at the initial price and income vector.
In general, A is treated as a variable with respect to both prices and income,
which is exactly how the partial derivatives in the Taylor series approximation
- are derived from the start. However, at the end, (41) and (42) are invoked by the
money metric method when the partial derivatives are evaluated at initial values
of prices and income. '

It is interesting to note that the normalized initial value of A equal to one in
(41) is what gives the “money metric” its name. The reason is that, by following
the above procedure, it can be verified that after substitution of all the derived
expressions for the partial derivatives in (12), (38) and (39) into (40), A canin
fact be factored out of the right-hand side of (40} and be divided intoc AV. But
because these are evaluated at initial values, it follows that

AV
e gy - AV

Considering that, by definition, A is the marginal utility of money then its
reciprocal, i, is the marginal cost of utility. By virtue of (41), this marginal cost
of utility is also equal to one at the initial values of income and prices. This implies
that a unit of utility equals a unit of money. Therefore, AV is equivalently
measured in terms of money, i.e., AV is a “money metric” measure of utility.

Henceforth, the money metric third-order approximation will be denoted by

AVs
NGCACER
where, by definition,
AVa= MM, .

Following the above discussion and using this definition, it may now be shown that

McKenzie’s money metric measure of welfare change from a simultaneous change
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in prices and income is given by®®

(43) MMs = AT = > a; Ap; — Z%Ap; AT
FADE Y =5 - 2] anan
P
Bz; c’?:cj Jz; .
+(1/6)ZZZ [ afapk Bl 5};} Api Ap; Apr

Bzwt %z,
—(I/G)ZZZ + z; Ti~o7e 81-2 Apz AP,} Apk
it i ok

9p;0px
_(1/6)¥;§ [wi%—'}' - %] ‘Z“if Ap; Ap; Apy
i/ 2)22 {“g %fzk 5 aiz 81} Api Ay A
-(1/2)Z§~2fiapé (AD)? .

or?

By the manuner in which it was derived, this money metric measure satisfies the
integrability conditions of the welfare change integral in (14). However, in contrast
to the MCS, the integrability of the money metric does not require uniform income

elasticities. This follows from the money metric assumption in that 3%;)\“- #0 and

~.that, in general, .. %—? #0 , either one.of which necessarily implies that income - -

elasticities cannot be uniform for all goods.

It may now be shown that M Ms is an approximate measure of HEV, The
reason for this is inherent in the definition of a Taylor series expansion from which
it was derived. Suppose there is no change in income but there is a fall in prices.

In this case, the discrete change in prices is naturally defined as deviations from

338ee also McKenaie, G. W, op. cit, pp. 45—48. Although he did not write out his money metric
in full, his expressions from (3.18) to (3.32) may be substituted into (3.15) to yield cur result in
{43). Note, however, our differences in notation. For example, in contrast to McKenzie’'s AM ,
we use MMy for the discrete change in the indirect utility function that is being approximated
by the third-order Taylor series expansion.
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the old prices. However, following the Taylor series formula, the partial derivatives
with respect to this fall in prices are evaluated based on the old prices. Proceeding
in this manner, M M3 is computed by (43). Prices having fallen, welfare must
improve so that MMz should be positive since it is the increase in utility in
money metric terms. Compare this now with the computation of HEV supposing
the same situation of no change in income but there is a fall in prices, In this case,
utility increases to a higher level. Holding utility at this higher level, the HEV
is the additional amount of money (over the old income) needed to stay at the
new level of utility computed at the old prices. Since welfare has improved from
this fall in prices, HEV must be positive in order for the consumer to pay the old
higher prices. The case of a rise in prices is symmetrical and, by similar reasoning,
both MMz and HEV must be negative as a result.

V. Properties of the Money Metric as a Welfare Change

Indicator

A valid integral measure of welfare change must possess the properties of the
indirect utility function from which it is derived. Therefore, it is necessary to
demonstrate that the money metric possesses these properties. On this thought,
it is rather surprising that McKenzie, himself, who originated the money metric
did not formally demonstrate the following properties.

For one thing, a welfare change indicator must be non-decreasing in income.
That is, if all that happens is that the consumer’s income increases (decreases),
his level of welfare must not deteriorate (improve). This means that, if all prices

remain constant,

(44)  MMs>0 if AI>0 or MMy<0 if AI<0 .

Also, it must be non-increasing in prices. That is, if all price changes are negative

(positive) with income remaining the same, the level of welfare must not deteriorate
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(46). ... MMsz=0..4f..

(improve). That is,
(45) MM320 if Api<0 or MM3<0 if Ap>0

forall i=1,2,..,n . Moreover, it must be homogeneous of degree zero in prices
and income. This means that the level of welfare must remain the same if all prices
and income change in the same proportion. That is,

s

for all values of 7 . Among the properties of an indirect utility function, the above

t= 1,2 ...,n

appear to have the most straightforward economic interpretation.3¢ In principle,
these may be considered minimal properties of a welfare change indicator.

In order to demonstrate the above properties, it will be convenient to convert
the discrete changes in prices and income into changes as a proportion of their
initial values. This will enable a reformulation of the money metric as a proportion
of initial income. This last result makes sense in that the money metric, as seen
in the preceding section, measures the change in welfare in the same units as
income $o that M M3 can be divided by I. Moreover, this reformulation has the
added appeal of being unit free since the change in each variable is expressed as a

proportion of its initial value. Now, let the budget shares be defined by

(47) w; = E}—% ; Zwi =1

“from the income constraint, Withott Toss of generality, (47} can be rewritten with

other subscripts j or k. In view of (47), (43) can be rewritten as

MM; AT Ap; T Oz Ap; AT

(48) I T T ey "th“”’a;i T p; 1
1 ) I ij P; 3.7:1‘ Ap,' Apj
+2;Zj:{%% o, 01~ Y aiOp [ o p

#There are other properties of an indirect utility function that are more mathematical in
nature, e. g., continuity with respect to prices and income and quasi-convexity with respect to
prices, See Varian, H. R.,0p. cit. p. 121,
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—%ZZZ{wewi?ﬂi% NP awk}ﬂmﬂﬂm

z; 8I zp 01 Vi Opy ek O pi opi e

k
2 .
+%ZZ{I' Pay Ic’?xtI@a:k o }ApzApkAI
k

i pe 1

L, 8% Ap; (AIV?
_EEI orr (T)

It is obvious that the property of being non-decreasing in income in {44) is

satisfied by (48) when all prices are constant, and the percent change in welfare in

money metric terms is, in this case, exactly equal to the percent change in income,

i.e.

(49)

M}”‘h = ._AI_I if % = 0, t=12,..,n.

In order to show the properties in (45) and (46), note the following identities

implied by the budget constraint:

8:r,j
(50) Zp.? a_p'; = -y )

8 .
ZZpipjai;="me=—f ;
i3 t

pipi 0z _ PO
zf:j‘rapf' za:%:wjf“'_ ,
Zzzmgm 0’x; _9 .

OpiOpx
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Zizpi“é"f =1

pixi I Oz; I Bz _
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R
FI
Consider the case where income remains the same but all pnces change in the

same proportion given by~

Ap; :
(51) p = 2P i=1,2,.,7.
Yo
Substituting (51) into (48) and making use of the budget identities in (50), it can

be shown that

MM
(52) — = —p+ =P

This result is consistent with the property of being non-increasing in prices in (45)
since it is clear that MMj5 is positive (negative) if p is negative (positive). It
remains to be shown what happens if all prices move in the same direction but not
necessarily in the same proportion.

Finally, in the case where all prices and income change in the same proportion

given by

AT Ap; .
53} . L e I = 220 y o t=1,2,.,1
(53) I P

it can be verified that by substitution of (53) into (48) and using the budget
identities in (50),

MM; 0

(54) Fi = »

all 1 .

This result implies that (48) is homogeneous of degree zero, i.e. welfare is un-
changed by a proportional change in prices and income.
The properties of the money metric of being non-decreasing in income and

homogeneous of degree zero in income and prices are not dependent on the order
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of the Taylor series approximation, at least up to a third-order as in the case of
(48). However, the property of being non-increasing in prices is violated by a
second-order approximation.

The first-order approximation includes only the first two terms on the right-
hand side of (48). Denoting this by M%J—l, the first-order approximation is, there-
fore,

MM]_E_ .Api
T e

T

(35)

It is straightforward to show using earlier procedures that this is non-decreasing
in income, non-increasing in prices and homogeneous of degree zero in income and
prices.
The second-order approximation denoted by A’%MZ consists of the first four
terms of (48), i.e.,
MM, AT Ap; I Oz; Ap; AT

(56) TS T XM, TAML e T

1 I 8z, v pi Oz | Ap; Ap;
+ - wiw-——J—- —— —
2;;{ Ty OI I 0p; ) p p

Assume now the case in (51) at the same time that income remains the same.

Again using the budget identities in (50), it can be verified that

MM

This is obviously a perverse result. It is sufficient to point out that if p is greater
than one (prices increase), that -M%—JZ is positive. This means that it is possible
for welfare to improve when prices rise while income remains the same, which is
nonsense. .

The above result is interesting in light of the fact that, as noted by McKenzie,
“Hicks chose to work with second-order Taylor series approximations to both the
equivalent and compensating variations.”® Except for the possibility of a perverse

result from (57), which suffices to invalidate a second-order approximation, the

358ee McKenzie op. cit., p. 114.
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reason for its appeal appears to be that it allows for computation not only of the
equivalent variation but also of the compensating variation as well. Consider again
{56). By definition of the money metric, the second-order MMy also measures the
equivalent variation from a change in prices given that income remains the same.
Note, however, that if prices change and utility is held constant, i.e., MM, = 0,
then QI—I can be solved from (56). But since [ is initial income, AI can be
determined, which is conceptually the compensating variation for the change in
_prices. This solution for the compensating variation is unique from (56) because
it is linear in AJI. However, this solution is logically inadmissible because of the
perversity from (56) implied by (57). In coﬁtrast, (48) does not have the above
perverse property but it does not yield a unique solution to the compensating
variation for the simple reason that it is quadratic in AlJ.

The conclusion is that the money metric from a finite Taylor series approxi-
mation is not per se a welfare indicator for it depends on the order of the approx-
imation. It was shown, for example, that a second-order approximation is not a
welfare indicator since it is pot non-increasing in prices. However, the third-order
money metric in {48) is a welfare indicator in that it is non-decreasing in income,

non-increasing in prices and homogeneous of degree zero in income and prices.

VI. A Demonstration of the Relative Accuracy of the
Money Metric Over the MCS

Consider the following example that Silberberg used to demonstrate that the MCS
is not uniquely measurable when the utility function is not homothetic.® The
utility function is given by

(58) U=1Inz + 2,.

*6gilberberg op. cit., pp. 354 — 5. Note our differences in notation, which is potentially con-
fusing. For example, he uses “log” to mean a natural logarithm as he explains in page 45. Thus,
we use the msual notation “In” in place of his “log” to mean ratural logarithm. Also, we use
“I” in place of his “M” to denote income. Finally, we use “MCS” in place of his “W” for the

Marshallian consumer’s surplus.

25




By maximizing (58) subject to the budget constraint
(59) I=pa+pe

the resulting Marshallian demand functions are

(60) 2y = L2 and
™
I
61 = (.._. - 1) .
(61) 2 =

It is obvious from (60) and (61), respectively, that the income elasticity of demand
for =z 1is zero and that for 2z is positive but varies with the level of income
(for I greater than p;). Thus, the utility function is not homothetic. In this
case, it will be shown that the MCS is not unique if both prices change.
Following (15), the MCS can be written generally as
(62) MCS = - ffidplm /(-{——1) dpy .
" P2
However, (62) can be specified for each possible path of integration. For this
purpose, let the old (denoted by “0”) and new (denoted by “n”) price vectors be
given, respectively, by
P? = (ip3) i and

Pt = ()

In the following example, it is assumed that the level of income remains the same

since only the welfare effects of price changes are analyzed. That is,

r=1r.
Since there are two prices, both of which are assumed to change, MCS will have
two values for every pair of prices corresponding to the two paths of integration.
These are given below. Path (1): Hold p; constant first, while p; is changing
and thenlet p; change. Thatis,let p, = p§, the old level, and ]et p; change
to p}, the new level. Afterwards, let p; change to p3. Thus,

pﬂ Ie) pn IO
M051: -—/122-61101”/2 (—-—-1)dp2
»y M1 s \P2
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This line integral expression for MCSy yields
(63) MCS = — piln (2%) — I°In (%) + 05 - P
V51 2

Path (2): Hold p; constant first, while p, is changing and then let p, change.
That is,let p; = pf, the old level, and let p, change to Py, the new level.
Afterwards, let p; change to p}. In this case,

o PR LT . — TN .
MCSy = — /2 (1_-1)@2- -/1E—2—dp1.
_ P \P2 ¥ P
This line integral for MCS2 can be evaluated as
— n pjTl1 0 pg 7 o
(64) MCS2 = = Ds In ("—B—) — I’In (_o) + Py — D3 .
Py P

Given the initial level of income, I°, utility changes from the old level, U°, to
the new level, U",as P° changes to P”. The minimum expenditure required
to attain U® at P° will typically differ from I°, and this difference defines
the Hicksian Equivalent Variation, H EV. In general, let us define E(U,P) as
the minimum expenditure required to attain the utility level U given the prices
defined by the vector P. Hence,

E(P°,U°) = I°
E(P°,U™) = MinI(P°,U™) : and
(65) HEV = E(P°,U™) — E(P°,U°) = E(P°,U") - I° .

From the utility function in (58) and demand funciions in (60) and (61), the
indirect utility function is

(66) V__.ln(zz)+i_1
b P2
and consequently
¥i3 .[O a
(67) HEV = [ln (%%) + p—g — In (i_;)]pg — J°.




The expression for MMs is taken from (48). Using the initial values of %7
(68) P° = (p1,p3) = (2,2) ; I° =4,
it can be shown that MMz in (48) yields

1 1 1
(69) MMz = (Ap + Apz) L—L Apy — E(Apz)z -1 + 7 (&m)*

1 1 1 1 1
-—Zﬁim Apy + -2-(!-\102)2 + 1—2'Ap1 (Apa)? — g(/—\Pz)a — — (Ap)®

where Apy; = pf — pf and Apy = p7 — pj .
The values of HEV in (67) are summarized in Table 1 for a range of alternative
prices. These values range widely from an increase of over 50 % in real income

to a decrease of over 25 %, given the initial prices and income in (68).

Table 1. Values of HEV at Alternative Prices

pt épy =} 125 | 1.50 1.75 2.00 2.25 2.50 2,75
1.25 2.400 | 1.698 | 1.244 0.940 0.731 0.586 0.486
1.50 2.035 | 1.333 | 0.880 0.575 0.366 0.222 0.121
1.75 1.727 | 1.025 | 0.571 0.267 0.058 | —0.087 | —0.187
2.00 1.460 | 0.758 | 0.304 0.000 | —0.209 | —0.354 | —0.454
2.25 1.224 | 0.522 | 0.069 | —0.236 | —0.444 | —0.589 | -0.690
2.50 1.014 | 0.312 | —0.142 | —0.446 ; —0.655 | —0.800 | —0.900
2.75 0.823 | 0.121 | -0.333 | —0.637 | —0.846 | —0.991 | —1.091

3"These are the same as those in Silberberg’s example.
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Table 2. Percent Ratios of MCS;, MCS, and MMj; to
HEV

PP Ulpl = | 125 | 150 | 175 | 200 | 225 | 250 | 275
1.25 | MC5 | 86.25 | 93.68 | 98.37 | 100.00 | 98.32 | 93.37 | 85.64
MCS: | 71.56 | 79.84 | 88.93 | 100.00 | 114.40 | 133.45 | 158.17
MMy | 94.73 | 98.08 | 98.78 | 98.49 | 97.95 | 95.72 | 86.80
oo | Mo 57 [ores [or70 Tioos Toees s o

MOS: | 73.19 | 81.17 | 89.52 | 100.00 | 116.28 | 147.36 | 220.26
MM | 04.36 | 98.44 | 99.61 | 99.57 | 99.13 | 94.00 | 56.86
1.75 | ¥E51 1 80.89 | 89.54 | 96.46 | 100.00 | 78.04 | 144.85 | 137.35
MCS: | 75.00 | 83.02 | 90.62 | 100.00 | 136.31 | 67.80 | 83.77
MMy | 03.49 | 98.19 | 99.80 | 99.95 | 98.47 | 112.70 | 126.77

2.00 | 95 | 7740 | 85.85 | 03.35 | — | 105.87 | 110.99 | 115.38
MO | 7740 | 85.85 | 9335 | —— | 105.87 | 110.99 | 115.38
Mo | 92311 97.57 | 99.68 | — | 100.36 | 103.07 | 111.00

2.25 | MC5 1 73.05 | 79.47 | 70.58 | 100.00 | 102.76 | 106.59 | 110.12
MCS | 80.26 | 90.74 | 113.38 | 100.00 | 109.38 | 116.59 | 122.93
MMs | 90.82 | 96.46 | 98.41 | 100.05 | 100.20 | 101.86 | 107.25
2.50 | MES | 67.45 | 65.50 | 114.26 | 100.0 | 101.87 | 104.86 | 107.75
MCS; 183.96 | 101.39 | 74.95 | 100.00 | 110.39 | 118.80 | 126.34
| MM | gg.76 | 93.58 | 101.84 | 100.37 | 100.36 | 101.56 | 105.72
2.75 | MC5 1 59.91 | 11.42 | 106.09 | 100.00 | 101.45 | 103.92 | 106.40
MCS, | 88.93 | 142.94 | 82.15 | 100.00 | 110.86 | 120.00 | 128.29
MM, | 8543 | 78.52 | 102.59 | 101.20 | 101.0 | 101.87 | 105.27

In Table 2, the two MCS measures and MMz are compared with the HEV
values in Table 1. In all cases, the direction of change is correct for all three
measures. However, the errors are generally much larger for the MCS measures
than for M M3. The errors range from —89 % to +45 %, —25% to +120
% for MCS and MCS,, respectively, compared to —45 % to +27 % for
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M Ms. Both of the extreme values for MM; correspond to the largest level of
ps where the values of HEV are relatively small. In fact, 82 % of the values of
MMy are within 10 % of the true value compared to onty 51 % and 21 % for
MCS, and MCS,, respectively. It should be noted that the use of the averages
of the two different MCS measures, given the same combination of prices, is not a
practical way to improve accuracy. This is because, in more general situations with
many price changes and unequal income elasticities, the number of possible MCS
values (for the same combination of prices} is very large corresponding to a large
number of possible paths of integration. This latter possibility underscores the
futility of the approximations suggested by Willig. *® Averaging will simply mask
the fact that, in the above sitﬁations, the MCS will yield dramatically different

measures of welfare change for the same change in prices.

VII. Qualifications and Conclusions

The framework of this paper is the measurement of the effects on welfare of a
simultaneous change in prices and income in a demand system with unequal income
elasticities. The findings of this paper, as well as those in the literature, leads to
the conclusion that the conditions for the integrability or unique measurability
of MCS are theoretically so restrictive as to render it unworkable in practice.
In particular, the necessary and sufficient condition for its integrability that the
income elasticities of the goods with changing prices are uniformly equal (not
necessarily to one or zero) faces overwhelming evidence to the contrary.®® This
empirical evidence implies that the MCS is most likely to be very inaccurate in

practice.

Bwillig,op. cit..

¥ Gee, for example, Deaton, A. and Muellbaner, J., Economics and Consumer Behavior {Cam-
bridge: Cambridge University Press, 1984); Deaton, A. and Muellbaner, J., “An Almost Ideal De-
mand System,” American Economic Review (vol. 70., n0. 3, June 1980), pp. 312 — 26.; Johnson,
S. R., Hassan, Z. A. and Green, R. D, Demand Systems Estimation, Methods and Applications
{Ames: Iowa State University Press, 1984); and Phlips, L., Applied Consumptior Analysis {Am-
sterdam: North-Holland Publishing Co., 1974) for a compendium of references.
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In the more general case of unequal income elasticities, the only theoretically
meaningful measure of welfare change is the HEV. It has been established in theory
that an income compensation function equivalent to the HEV exists and what is
lacking is a practical algorithm to compute it from observable Marshallian demand
functions. For this purpose, McKenzie has proposed a moiey metric to measure
the HEV from these demand functions. This paper shows that a third-order money
metric satisfies the infegrability conditions and is applicable to the more general
-..case.of unequal income elasticitios. - wmm i s e i

This paper has reexamined the money metric as a finite order Taylor series
approximation to an unknown indirect utility function. The results show that
the money metric is not a welfare indicator per se because it does not necessarily
possess all the essential economic properties of an indirect utility function, namely,
non-decreasing in income, non-increasing in prices and homogeneous of degree zero
in income and prices. In particular, a second-order approximation is invalid since
1t is not non-increasing in prices. However, the money metric from a third-order
approximation possesses all the above three properties and is, therefore, a valid
measure of welfare change.

This paper tested the reformulation of the third-order money metric against the
MCS as approximations to the true HEV. All measures determined the direction
of change correctly in all cases. By construction of the example, the MCS was
not unique and the two possible MCS measures were often dramatically different
from each other. The results show that the money metric is a far more accurate
- measure of the HEV than the MCS, especially in cases where the price changes
are less than 50%.

The money metric does have the drawback of being inexact because it is a finite
order Taylor series approximation. Hence, it is subject to the error of ignoring the
remainder term. In this respect, McKenzie observed that: “Unless we know exactly
the function that we are attempting to approximate, it is impossible to establish
convincing error bounds or regions of ignorance.”4°

Unfortunately, the approximation error above cannot be solved, in general,

*“McKenzie, op. cit., p. 1186.
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when measuring the welfare change from an unknown indirect utility function.
Given the Marshallian demand functions, this change can be precisely measured
by the MCS if and only if the income elasticities are uniformly equal for the goods
with changing prices. Without this condition, the MCS simply does not work
because it is not uniquely measurable. As demonstrated in the example, any one
of the MCS measures is only an approximation subject to errors that were shown
to be very large indeed. In the general case of unequal income elasticities, where
HEV is the theoretically meaningful money equivalent of a change in welfare, any
alternative measure could only be an approximation because of our ignorance of
the exact form of the underlying utility function. Thus, with respect to the money
metric, the issue is not that it is an approximation, but rather whether or not
there is a better measure of HEV.

32



References

[1] Apostol, T. M., Calculus, Volume I, Second Edition (New York: John Wiley
and Sons, Inc.,1967).

[2] Boadway, R. and Bruce, N,, Welfare Economics (Oxford: Basil and Blackwell
Ltd., 1984).

~[3] Chiang, A. C., Fundamental Methods of Mathematical Fconomics, Third
Edition (New York: McGraw-Hill Book Company, 1984),

[4] Chipman, J. C. and Moore, J. C., “Compensating Variation, Consumer’s
Surplus, and Welfare,” American Economic Review (vol. 70, no. 5, December
1980), pp. 933 — 49,

[5] Chipman, J. C. and Moore, J.C., “The Scope of Consumer’s Sur-
plus Arguments,” in Tang, A. M., et. al., eds., Evolution, Welfare

and Time in Economics: Fssays in Honor of Nicholas Georgescu- Rogen
(Lexington, 1976).

[6] Danese, A. E., Advanced Calculus (Boston: Allyn and Bacon, Inc., 1965).

[7] Deaton, A. and Muellbauer, J., Economics and Consumer Behavior (Cam-
bridge: Cambridge University Press, 1984).

American Feonomic Review (vol. 70., n0. 3, June 1980), pp. 312 — 26.

[9] Haley. S. L. and Dixit. P. M. Economic Welfare Analysis:
An Application to the SWOPSIM Modeling Framework, Staff Report No.
AGES871215 (Washington, DC: U.S. Department of Agriculture, Economic
Research Service, August 1988).

[10} Henderson, J. M. and Quandt, R., Microeconomic Theory:
A Mathematical Approach, Second Edition (New York: McGraw-Hill Book
Company, 1971).

33



[11] Hicks, J. R., Value and Capital (London, England: Oxford University Press,
1939.)

[12] Hicks, J. R., “Consumers’ Surplus and Index Numbers,” Review
of Economic Studies, 9 (Summer 1942}, pp. 126 — 37.

[13] Hicks, J. R., A Revision of Demand Theory (London, England: Clarendon
Press, 1956).

[14] Hurwicz, L. and Uzawa, H., “On the Integrability of Demand Functions,”
in Chipman, J. S., Hurwicz, L., Richter, M. K. and Sonnenschein, H. F.,
eds., Preferences, Utility and Demand (New York: Harcourt Brace, 1971),
pp. 114 — 48.

[15] Johnson, S. R., Hassan, Z. A. and Green, R. D., Demand Systems
Estimation, Methods and Applications (Ames: lowa State University Press,
1984).

[16] Just, R. E., Hueth, D. L. and Schmitz, A., Applied Welfare Economics
and Public Policy (Englewood Cliffs: Prentice-Hall, Inc., 1982).

171 McCalla, A’ F. and Josling, T. E., Agricultural Policies and World Markets
(New York: Macmillam Publishing Company, 1985).

[18] McKenzie, G. W., Measuring Economic Welfare: New Methods (Cam-
bridge, England: Cambridge University Press, 1983).

[19] McKenzie, G. W., “Consumer’s Surplus Without Apology: A Comment,”
American Economic Review, vol. 69, no. ( 1979), pp. 465 — 8.

[20] Phlips, L., Applied Consumption Analysis (Amsterdam: North-Holland
Publishing Co., 1974).

[21] Samuelson. P. A., Foundations of Economic Analysis, Enlarged Edition
(Cambridge: Harvard University Press, 1983).

[22] Silberberg, E., “Duality and the Many Consumer Surpluses,” American
Economic Review, vol. 62, no. 2 {December 1972), pp. 942 — 952.

34



[23] Silberberg, E., The Structure of Economics: A Mathematical Analysis
(New York: McGraw-Hill Book Company, 1978).

[24] Varian, H. R., Microeconomic Analysis, Second Edition (New York: W. W.
Norton and Company, 1984).

{25] Willig, R. D., “Consumer’s Surplus  Without Apology,” American
_ Economic Review, vol. 66, no. 4 (September 1976), pp. 589.—97... . .

35




No.

No.

No.

No,

No.,

88-7

88-8

88-9

88-10

88-11

88-12

88-13

86-1

89-2

89-3

89-4

89-5

Other Agricultural Economics Working Papers

Modeling the Decision to Add New Products by
Channel Intermediaries

Public Peolicy Implications of the Role of
Channel Intermediaries in New Product
Acceptance

Empirical Implications of Reconciling the
Behavioral Assumptions in Dual Models of
Production

The Economic Impact of Future Biological
Nitrogen Fixation Technologies

Estimating Endogenocus Switching Systems for
Government Interventions: The Case of the
Dairy Sector

Current Assessment Models for Farm Borrowers:

A Logit Analysis

The Ecomomics of Sustainable Agricultural
Systems in Developing Countries

Resource Econcmics: Five Easy Pleces

Optimal Dairy Policy with bovine
Somatotropin

Environmental Standards and International
Trade in Automobiles and Copper: The Case
for a Social Tariff

Optimal Fluid Milk Advertising in New York
State: A Control Model

A Bioceconomic Model of the Harp Seal in the
Northwest Atlantic

Vithala R. Rao
Edward W. McLaughlin

Edward W. McLaughlin
Vithala R. Rao

Paul J. Driscoll
Richard N. Boisvert

Loren W. Tauer

Donald J. Liu
Harry M. Kaiser
Olan D. Forker
Timothy D. Mount

Lynn H. Miller
Eddy L. LaDue

Randolph Barker
Duane Chapman

Jon M. Conrad

Loren W. Tauer
Harry M. Kaiser

Duane Chapman

Donald J. Liu

Clan D. Forker

Jon Conrad
Trond Bjorndal



